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{
ε∂tE− curl(H) = 0,
µ∂tH + curl(E) = 0.
 
·6ort4t
E
W
H
to3t3r¼}r#·6)t4±´tN38s!§rtFºWt±r~Å
ε
3
µ
t4~WtN´¡Zt±|8trt
ortt±t4Wt4s(´¹¡}Ï|83%orts(§rtdts(t4Æ3´±Ï| ³ortr3§Z%s(t4rs~E~~¹3sBtN
xÆdtp±´rtNE3)~Zrs!#t± Â	xrG§R±~<~¹Z±´¡ZtF~|}~¹t4s m¦2s!´
Ω
²3Ædt
∂Ω = Γa ∪ Γm
År·6ort4t<·t<´s(dZ~t<ort<²³Z±´±#·6´3§¦ÆdrWr|ªZ3´3~+





n ×E = 0

Γm,
n ×E−
√
µ
ε
n× (H × n) = 0
Z
Γa.
P¢ 
Òltt
n
trtN~ort¦3rÏ<r·
rZs!±D
∂Ω
Â<nport8ºW~¹xÆdrWr|
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3rÏ´Zµ~2±´±t4
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²ortt¶rÆW~¹ZÆrr§6ÆdrWr|23rÏ´Z)3<~Grr±t4%Z
Γa
·6oro%trt4~tR~mort´ºW±
±sB´²Go3t8s(rr#´Z3±Zs!mÂ
Æ3±´t4s  pÇÆdt%t4·6´¹t
r3t4port<²³Z±´±#·6r§B²³s 





G0∂tW + Gx∂xW + Gy∂yW + Gz∂zW = 0

Ω,
(MΓm − Gn)W = 0
Z
Γm,
(MΓa − Gn)W = 0

Γa.
aÀ 
·6ort4t
W = (E,H)t
t4rtN~¹t4R~)ortÇt±t4s!§Zrtªº3t4±Ô3Õs!#´¶
G0
ZZ3~¦ort
3ZWt4¹´tN~²ort%s(t4
G0 =
(
ε
Ã
3 03×3
03×3 µ
Ã
3
)
,
·6ort4t<Ã
k
~ort<tR´|Ës!#´¶ª²G~´Ì4t
k
W
0l×m
o3t
l ×m
R3±´±s!#´¶ÂiÒtt
Gl
·6´o
l ∈ {x, y, z}
~p~3o!o3#
GlW = (H× el,−E× el)t
Å·6ortt
el
~p,t±ts(tRp²mort24rZr±
ÆW~t2²
R
3 
Gl =
(
03×3 Nel
N t
el
03×3
)
,
·6or±t
Gn
~6~3o
o3
GnW = (H × n,−E× n)t
3,~6§¡t4ªÆ}|"
Gn =
(
03×3 Nn
N t
n
03×3
) ·6´o
Nn =


0 nz −ny
−nz 0 nx
ny −nx 0

 .
nport2s!#tN~
G+
n
3
G−
n
tort2WR~¹´¡t<3Ërt§R#¡tx3~  ²Ds!Ï¶
Gn
Â/t<rtº3rt
±~
|Gn|= G+n − G
−
n
Ânport4t²³t
|Gn|
~p§Z´¡Zt
ÆR|"
|Gn|=
(
NnN
t
n
03×3
03×3 N
t
n
Nn
)
.
KG3±±´|ZÅmort!s!#t4~
MΓm
3
MΓa
t(3~t4k²³<¼}r§Ç´RµZrR2ort!s(t±±´!W
Æ3~Ær´3§¦ÆdrWr|ËZ3´3~+
MΓm =
(
03×3 Nn
−N t
n
03×3
) 3
MΓa = |Gn|.
N 
ÃÄÇ3¹r±4Å}·t%rt2o3
(MΓa − Gn)W = 0 ⇔ G
−
n
W = 0
Â
 Þ  Gn = TΛT−1  æ êPå Λ ç(úXæèçãé#çëóçêPîPæ ,ãFðæð¹é çë¿ùNð¹ì%ã Gn ê[åXðé G±n = TΛ±T−1  åXðîað Λ+ îaðì[äðñêPæ ðë 	
Λ
− `ñãéê[çæ¿éXìêPåXðiäãì[æ êPæ ð  îPðì[äðñÄê[æ ðë 	2éXð	çê[æ ð
Dðæðé çë¿ùXðãêPåXðóçê[îaæ  Gn 
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ÃÄBor~F~3|ÅZ·tr~t´Ì4tortl~|~ts PÀ E·6´o(t4~WtNi<ortps(t6¡#Ær±´tp3~r§<ortx3¼ZÍ
ul±~¹Z
~ort4sBt-
G0
(
W
n+1 −Wn
∆t
)
+ (Gx∂x + Gy∂y + Gz∂z)
(
W
n+1 + Wn
2
)
= 0,
BT 
·6ort4t
W
n
~port¦rrX¶}s!#´Zª²
W
#lsBt
tn = n∆t
W
∆t
t4rt4~port%´s(t¦~¹t4mÂ
K36tNo
tn
Å·t<oRW~prttNª!~¹Z±´¡Ztxort<²³±±#·6´r§BÆdr33|Ë¡#±rt<rZÆr±ts 





βG0W + (Gx∂x + Gy∂y + Gz∂z)W = F,

Ω,
(MΓm − Gn)W = 0

Γm,
(MΓa − Gn)W = 0

Γa,
a 
·6ort4t
β =
2
∆t
Å
W = Wn+1
W
F = βG0W
n− (Gx∂x +Gy∂y +Gz∂z)Wn
Âinpor~~|~ts
4!Ædtlt²³Zs¦r±tNBZ~F8~|}s(sBtKr´tNo3~~¹|~¹ts W!r§<%ortlt4~r±´~~#tN!
¾Á[Åort8~~}tNËÆdr33|!¡X±´3t%rZÆr±ts P ~p·t4±´±´Í[dZ~t4,,ort<²³r33±m~¹Wt-
V = {W ∈ H(curl) × H(curl); (MΓm − Gn)W|Γm = 0, (MΓa − Gn)W|Γa = 0}
nportxs!!sB¡##(²³ZF3~r§)¦r¼RÍÄuZ±~(~o3ts(t#o3to3DÅ²³ZF3~3tÅ}8~t4Í
Z3<t44ÅNr}·6´W%´8sBtZÅX´s(r±ÏE~o3ts(tF~ort²³Z±´±#·6´3§6tN~¹r±´3tr´3§6ortZ3~¹t4¡#
3ZWt4¹|!²ort8~¹t4s(ÏÍÄ~tt2t±t4Zs!§3txtrt4§Z|Â
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En =
1
2
∫
Ω
(Wn)t(G0W
n)dx =
1
2
∫
Ω
ε ‖ En ‖2 dx +
1
2
∫
Ω
µ ‖ Hn ‖2 dx
5FS 6"5 .
D 6 5!5 5	 1(3615/. 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4  
En+1 ≤ En
.(35 . 6" * (-	4
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 &1 5 
(-, 65	1  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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 6
Γa = ∅  
  +  Ï²l·tË¼ZtËo3t
~±)r3(² BT )Æ}| (Wn+1 + Wn
2
) 3>Rt§Zt,#¡t
Ω
·t
ZÆ´*
En+1 − En
∆t
= −
∫
Ω
(
W
n+1 + Wn
2
)t
Gxyz
(
W
n+1 + Wn
2
)
dx,
[£ 
·6´o
Gxyz ≡ (Gx∂x + Gy∂y + Gz∂z)
Â Êt%Çt4~±´|Ë~tt<o3# 
∫
Ω
W
tGxyzW =
∫
∂Ω
W
t(GnW)ds −
∫
Ω
W
tGxyzW.
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nport4t²³tÅ
∫
Ω
W
tGxyzW =
1
2
∫
∂Ω
W
t(GnW)ds,
=
1
2
∫
Γm
W
t(GnW)ds +
1
2
∫
Γa
W
t(GnW)ds,
=
1
2
∫
Γm
W
t(MΓmW)ds +
1
2
∫
Γa
W
t(MΓaW)ds,
3c3~´r§kr#· ort,ÆWZr3r|Êdt#Z~ N %·tË§Zt P~¹3t
MΓm
~)~¼t·pÍÄ~|Rs(s(t!W
|Gn|
~pdZ~Ï´¡Zt  
∫
Ω
W
t(Gx∂x + Gy∂y + Gz∂z)W =
1
2
∫
Γa
W
t(|Gn|W)ds ≥ 0.
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K3Zs [£ p3 
M ort83±´3~,²³±±´#·~t4Z~¹±|Â
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 t
Th
Ædt8!~t~ª²Dort8ZsB33±
Ω
~3o,o3+
Ωh ≡ Th =
⋃
K∈Th
K.
ÃÄªor~~¹W|Å}ortl}rs(t±`3rX¶s!#
Wh
²mortx~±ª²mrÆr±ts PÀ F±´t4~´ªort
~3Zt
C1([0, T ]; Vh)
·6ort4t-
Vh =
{
V ∈ [L2(Ω)]3 × [L2(Ω)]3| ∀K ∈ Th , V|K ∈ Pp(K)
}
,
a¥ 
·6ort4t
Pp(K)
t4rt4~Ex~3ZtF²3d±|R3s(±}t±ts(tR~G²Wt§Zt4tGs(Z~¹
p
#¡Ztmortpt±ts(tR
K
Â
 |(¼}´r§¦r#·Ôort<~±r}r3p²aÀ FÆ}|!8t§3±F¡tNºWt±
V
3ª´Rt§#´3§8#¡t4
,t4±´t4s(tR
K
Å·t<§t 
∫
K
(G0∂tWh)
t
Vdx +
∫
K


∑
l∈{x,y,z}
Gl∂lWh


t
Vdx = 0 , ∀V ∈ Vh,
¹4 
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3
´Rt4§#´ZªÆ}|Ë3¹~p|Rt±r~+
∫
K
(G0∂tWh)
t
Vdx −
∫
K
W
t
h


∑
l∈{x,y,z}
Gl∂lV

 dx
+
∫
∂K
(GnKWh)
t
Vds = 0 , ∀V ∈ Vh,
¹ 
·6ort4t
nK
~BortÇrr´!·p>rZs!±kortÇÆWZt4(²lt4±´t4sBt4R
K
ÂÐÃÄÕt4R3#´Z ¹ 
·tµ~¹±´±xrttNÐÐtº3rtµ rrX¶}s!#´ZÕ²xortµÆdr33|ÐZt§Z±6dt3Åp±´±t4 (35
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Ædt4Zs(t4~+
∫
K
(G0∂tWh)
t
Vdx −
∫
K
W
t
h


∑
l∈{x,y,z}
Gl∂lV

 dx
+
∑
F∈∂K
∫
F
(ΦF (Wh))
t
Vds = 0 , ∀V ∈ Vh.
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nport(tº3r´/²
ΦF
3tt43~l,t43~rt)ort(Z3~~¹t43|É²ort(3rX¶s!#És(torÂ8Ã 
rtdt3r~,ort<|}dt%²D²aZt-
ΦF (Wh) =



IF,KGnF {Wh}
Ï²
F ∈ F0,
1
2
(MF,K + IF,KGnF )Wh
´²
F ∈ (Fm ∪ Fa).
X¢#Æ 
·6ort4t
F0
trtN~ort%~¹t²Drrt±|(´Rt4W±d²at4~²
Th
W
Fm
³t4~WtN´¡Zt±|
Fa
Fort2~t
²D²aZt4~pZËort%ÆWZr3r|
Γm
³t4~dt4´¡Zt±|
Γa
Âut2o3·t%rportt%(tRtt4ª~ort4sBt
Z~B´õ¾4ÀXÁ ÅF²³ZBortÉt4¡X±´W#Õ²xort 3r¶:or3§o Ô´Rt4W±²at
F ∈ F0
Â wÉZt4#¡t44Å
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B  *2Ædt·tt4Ë²aZt4~W!t±ts(tR~²
Th
·6orZ~txr´s(t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IF,K =













0
´²
F
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K
Å
1
´²
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3
K
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R#
(
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sign(ntF nK) = 1),
−1
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F ∈ K
3
F
W
K
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(
[Â t
(sign(ntF nK) = −1).
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F = K ∩ K̃
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K
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Vh
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JVhKF = IF,KVh|K + IFK̃Vh|K̃
3
{Vh}F =
1
2
(Vh|K + Vh|K̃),
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MF,K =




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IF,K
(
03×3 NnF
−N t
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) ´²
F ∈ Fm
Å
|GnF |
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F ∈ Fa
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K
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Wh ∈ Vh
~¹Woªo3#
∀V ∈ Vh

∫
Ωh
(G0∂tWh)
t
Vdx −
∑
K∈Th
∫
K
W
t
h


∑
l∈{x,y,z}
Gl∂lV

 dx
+
∑
F∈Fm∪Fa
∫
F
(
1
2
(MF,K + IF,KGnF )Wh
)t
Vds
+
∑
F∈F0
∫
F
(GnF {Wh}F )
t
JVKF ds = 0.
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p
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§o}Æd´3§
t4±´t4s(tR6²
K
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∑
F∈F0
∫
F
(GnF {Wh}F )
t JVKF ds =
∑
K∈Th
∑
F∈∂K
F∈F0
∫
F
1
2
(
GnF Wh|K
)t (
IF,KV|K
)
ds
+
∑
K∈Th
∑
F∈∂K
F∈F0
∫
F
1
2
(
GnF Wh|K̃
)t
(
IF,KV|K
)
ds,
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∑
F∈F0
∫
F
(GnF {Wh}F )
t
JVKF +
∑
F∈Fm∪Fa
∫
F
(
1
2
(MF,K + IF,KGnF )Wh
)t
Vds
=
∑
K∈Th
∫
∂K
1
2
(
GnF Wh|K
)t (
IF,KV|K
)
ds
+
∑
K∈Th
∑
F∈∂K
F∈F0
∫
F
1
2
(
GnF Wh|K̃
)t
(
IF,KV|K
)
ds
+
∑
K∈Th
∑
F∈∂K
F∈(Fm∪Fa)
∫
F
1
2
(
MF,KWh|K
)t
V|Kds,
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∫
∂K
(
GnF Wh|K
)t (
IF,KV|K
)
ds =
∫
K
W
t
h


∑
l∈{x,y,z}
Gl∂lV

 dx
+
∫
K


∑
l∈{x,y,z}
Gl∂lWh


t
Vdx.
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∫
Ωh
(G0∂tWh)
t
Vdx −
1
2
∑
K∈Th
∫
K
W
t
h


∑
l∈{x,y,z}
Gl∂lV

 dx
+
1
2
∫
K


∑
l∈{x,y,z}
Gl∂lWh


t
Vdx
+
1
2
∑
K∈Th
∑
F∈∂K
F∈F0
∫
F
(
GnF Wh|K̃
)t
(
IF,KV|K
)
ds
+
1
2
∑
K∈Th
∑
F∈∂K
F∈(Fm∪Fa)
∫
F
(
MF,KWh|K
)t
V|Kds = 0,
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2
∫
Ωh
(G0∂tWh)
t
Vdx −
∑
K∈Th
∫
K
W
t
h


∑
l∈{x,y,z}
Gl∂lV

 dx +
∑
K∈Th
∫
K


∑
l∈{x,y,z}
Gl∂lWh


t
Vdx +
∑
F∈F0
∫
F
[
(
GnF Wh|K
)t
(
IF,K̃V|K̃
)
+
(
GnF Wh|K̃
)t
(
IF,KV|K
)
]
ds +
∑
F∈Fm∪Fa
∫
F
(MF,KWh)
t
Vds = 0.
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


























a(W,V) = 2
∫
Ωh
(G0W)
t
Vdx,
b(W,V) = −
∫
Ωh
W
t


∑
l∈{x,y,z}
Gl∂lV

 dx +
∫
Ωh


∑
l∈{x,y,z}
Gl∂lW


t
Vdx,
c(W,V) =
∑
F∈F0
∫
F
[
(
GnF W|K
)t
(
IF,K̃V|K̃
)
+
(
GnF W|K̃
)t
(
IF,KV|K
)
]
ds
+
∑
F∈Fm∪Fa
∫
F
(MF,KW)
t
Vds
npo}3~¹T ~pt4Rr¡#±tR6Bº3W
Wh ∈ Vh
~¹Woªo3#
∀V ∈ Vh

a(∂tW,V) + b(W,V) + c(W,V) = 0, ∀V ∈ Vh.
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ult8o3lo3t8Ær±´rt46²³s
b(W,V)
~l~¼t4·pÍ ~|}s(sBtxoRW~
b(Wh,Wh) = 0
Â K3rort4¹Í
s(ZtZÅr~¹3t
GnF
~~|}sBs(t<W
IF,K̃ = −IF,K
·t%Ær 
c(Wh,Wh) =
∑
F∈Fm∪Fa
∫
F
(MF,KWh)
t
Whds.
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N p3,~3t
MΓm
~l~¹¼Zt·pÍÄ~¹|}s(s(t 
c(Wh,Wh) =
∑
F∈Fa
∫
F
(|GnF |Wh)
t
Whds.
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~o3t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W
n+1
h ∈ Vh~3o,o3
∀V ∈ Vh

βa(Wn+1h ,V) + b(W
n+1
h ,V) + c(W
n+1
h ,V)
= βa(Wnh ,V) − b(W
n
h ,V) − c(W
n
h ,V),
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·6ort4t
β =
2
∆t
Å§Z´¡Zt
W 0h = Wh(0)
Å·6ort4t
Wh(0)
~ªo3tÊ~tÌ4 ²%ortkR±
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s o3Z~6BrrZ3t8~¹Z±´´Z
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βa(Wh,V) + b(Wh,V) + c(Wh,V) = 0, ∀V ∈ Vh,
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b(W,V)
~8~¹¼Zt·pÍÄ~¹|}s(s(tB·t
§Zt 
βa(Wh,Wh) + b(Wh,Wh) + c(Wh,Wh) = 2β
∫
Ωh
(G0Wh)
t
Whdx
+
∑
F∈Fa
∫
F
W
t
h|GnF |Whds = 0.
z}3t
G0
~~|}s(sBt2dZ~Ï´¡Zt%tº33Ït83
|GnF |
~pdZ~Ï´¡ZtÅ}o3t8W±3~¹,²³±±#·~Â
Ñr´t4lW~¹tNZ3t3t2²Eort%²aZ6o3#ort%Ær±´rtN6²³Zs
b(W,V)
~~¼t·pÍÄ~|Rs(s(t<3
²rdt| ¹+M 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V =
W
n+1
h + W
n
h
2
´ ¹4¥ (3Ô3~tÇortÇortÉ²a~(o3#
b(W,V)
~x~¹¼Zt·pÍÄ~¹|}s(s(tEÆr±´rt4m²³ZsÇÅ#3%o3
GnF
W
|GnF |
tF~¹|}s(s(ts!#tN~Â
ÃÄ(~¹3sBs!|ZÅ4ort±±|<r~t´Ì4t483ZÆr±´t4sÇÅ#·6oroB)Ædt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R±`tNZW#W~ÅR~r33rÏ´Z3±±´|!~¹Ær±´t23,~¹tNZ3!t44Í
#t8s(tÂGnport~3±ZZrZ|x~§¡t48Æ}|lort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}¡t4§Zt3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tt%t4±´tNs!§rt
t4rt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(ort8}rs(t4±mt4~±´Z
²
ort<·ÍÄ´s(t43~¹W±W3~¡t4~txs!§rt2wk#¶·t4±´±tNR3#´Z3~















µ
∂Hx
∂t
+
∂Ez
∂y
= 0,
µ
∂Hy
∂t
−
∂Ez
∂x
= 0,
ε
∂Ez
∂t
−
∂Hy
∂x
+
∂Hx
∂y
= 0.
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